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Model and Scaling Regimes

Model and Scaling Regimes

» N fermions on a torus [0, L]?
= the density is p = %
> Hilbert space: HY) := L2(]0, L]?)®N

That means, ¢ € HMN s antisymmetric

1/)(...,3:1-,...,:63-,...)=—w(...,xj,...,xi,...).

» Hamiltonian Hy : HY) o dom(Hy) — H®Y),

N ! N
Hy = -+ Vi - n)
j=1
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Model and Scaling Regimes

» (p, L) are the parameters

» Physically, we want to take N = pL3 — 0.
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Model and Scaling Regimes

Interesting Quantities

» Ground state energy Fgs := inf o(Hy ), conjectured in 50's.

> Momentum distribution | (1, a}a,0) | for g € R® ¢ ~ s,
conjectured in 60's.

(P, agaqhy  no interaction (Y, agaqby  with interaction
N . A .

» A jump with height Z is expected in d = 3 dimensions.

» Z > 0 indicates the presence of “quasiparticles”, which are
essential in Fermi liquid theory [Landau 1956-1959]
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Mean-Field
Results o ‘

Dilute Regime

Results

» Can Fermi gases be described as Fermi liquids?

» d =1 : No, we rather have a Luttinger liquid.

» d =2 : Proofs for Fermi liquid exist, using mathematical
Renormalization Group (RG) techniques.

» d =3 : Open question.

» 3 very recent results on Egg of Fermi gas (including d = 3) in
the MF and dilute regime:

[Benedikter, Nam, Porta, Schlein, Seiringer 2020-24],

[Christiansen, Hainzl, Nam 2022-24],

[Fournais, Ruba, Solovej 2024],

[Falconi, Giacomelli, Hainzl, Porta 2020-24],

[Lauritsen, Seiringer 2023-24], ...

vV vV.v v VY
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Mean-Field Regime
Dilute Regime

Results

Results - Mean Field Regime

» First approximation to GS: fill up the
Fermi ball By := By, (0), s.t. |Bp| =N
= Fermi radius kg ~ p%

» Fermi ball state: ¢pp := /\p]-GBF Op,;

> Fermi ball energy:

Epp = (¢rp, Hyvrs) ~ Npi ~ N3

» Actually, [BNPSS] and [CHN] prove

EGS = EFB + Ecorr + O(N%) y

with correlation energy:
> Feorr ~ N3 log(N) (for V(z) ~ |z|~!, i.e., Coulomb) or
» Foorr ~ N3 (for V' less singular than Coulomb).
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Results Mean-Field Regime

Dilute Regime

Results - Mean Field Regime

> Define excitation density % |
L= (b,apaq) fgeBr [T renene
(ng) := & , o gl
W, aqaqub> if ¢ Br 0 ‘ >

Theorem ([Benedikter, L. 2023])
For V > 0 compactly supported, 3 “RPA trial states” (Yn) with

(b, Hyny — Bas = O(N3 %) while  Egg ~ N3 |

s.t. for most q € 73,

(ngy = N™51(q) + O(N~5713) |,

with an explicit I(q) ~ N°. Further, | Z > 1 — O(N_%Jrﬁ) .

» I(q) agrees with conjecture by [Daniel, Vosko 1960]
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Mean-Field Regime
Dilute Regime

Results

Results - Mean Field Regime

> [L. 2024] re-establishes the formula for n, in the trial state
1N using Friedrichs diagrams [Brooks, L. 2023]

Theorem ([L. 2024])

Under the same conditions as above,

(=Y D val@)

n=2 G:graph with
nieven n vertices

» Expansion is exact, but no perturbation expansion.
Leading-order terms hide in all n.

> >.¢ and >, converge absolutely, but 3. . likely not.
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Results Mean-Field Regime

Dilute Regime

Results - Dilute Regime

v

Switch to spin-1/2 particles, H(N) = L2([0, L]?; C?)®aV.

» Momentum lattice is now A* = 2%23, where L — 0.

v

There are 2 Fermi radii k%, k}l? ~ p% (which is now very small).

v

The conjectured energy expansion is now

5 7 8
Eas = cppp? + cLp® + cuyps + O(p3 log(p)) -
[FGHP] and [LS] establish the p>-term with error O(p%)
[GHNS] establish upper bound including CHyp% with error

1

O(pi ).

v

v
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Mean-Field Regime

Results

Dilute Regime

Results - Dilute Regime

» For us, smearing with § € L'(R3) becomes necessary, and we
take the thermodynamic limit:
2’ "
<n(g)-,T> = LIEI}D 73 Z GP)YN; ap raprN)
pEN*

P2

:::*::’::::‘f?:pizi/g: «“! uPPld) n
27 -
LT e WY
kp o~ p3
» Conjectures by [Czyz, Gottfried 1960], [Belyakov 1961],
[Sartor, Mahaux 1980/82]. We consider

nEHB)evIT) - Jdp g(p)n%Bel)(p) ) n%Bel)(p) ~ p% <1

» 1y trial state of [Giacomelli, Hainzl, Nam, Seiringer 2024].
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Results Mean-Field Regime

Dilute Regime

Results - Dilute Regime

Theorem ([Benedikter, Giacomelli, Lauritsen, L. in prep.])

LetV >0,V eL? ra?'ia/, compactly supported. Smear with
G =x(Br(q), R=p3", a< 2% Then,

b2
‘nEgB;IT) o <n(g),T>‘ <0P3+%+3a ; nphte D

, (Bel) _ 3134 0 1
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Mean-Field Regime
Dilute ne

Elements of the Proofs Open Research Questions

Elements of the Proofs, Mean-Field Regime

4~ A mean-field
(MF) regime
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

Elements of the Proofs, Mean-Field Regime
» We work on Fock space: F := @ﬁ:o HD) with vacuum Q
» Trial states are from [BNPSS]: with
» R:F — F: Particle-hole transformation, R = R* = R~ !

(RTQ, ata,RTQ) (T, aza T

0 kp 0 kp
» T : F — F: Almost-Bogoliubov transformation, T* = 71

T:i=e¢®, S:= > Kklag —h.c.,
k7a75
where k, o, 3 are indices, K (k). 5 € R and
, : F — F “bosonized operators”
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Mean-Field Regime
Dilute Regime
Elements of the Proofs Open Research Questions

» Then, , for k € Z3, creates particle-hole pair:
1 |
._ p|=kp % %
S g 2 X<|h|<l<:F)5th*’C ApQh
R pheZ3 Bag,

» Normalization n, 1 € R is such that “almost—-CCR" hold:
[ s ] :5a,a’(5k,k’ + 5()(]1 ]1’/)) s
|Ea (kKDY <2(nagnaw) NG| Ve F,

where the number operator N' =3} aza, is bounded as
[BNPSS]: (TQ,NTQ) = On(1).
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

» We have to prove that:
in general, (TR, a7a,TQ) = N_§I(q) + O(
vag T = N_§I(q) + O(

and for most g, (T, ay

» ldea: Apply BCH- formula eBAe™B =% Ladp(A) to
(T, aga,TR) = (Q, eda* 70qC —5Q).
» After computing and bounding many commutators, we get
(TQ, a0, =N~ 3]( )+ Err,  where
in general, Err =O(N~ 3+12) + O(N— 5t )
and for most ¢, Err z(’)(]\ﬁ%*%) + O(N— 5 é)
with = := supezs (19, aja,TS).

[I}

[I}

» Now, do a bootstrap: A priori, we know (Pauli exclusion)
= < 1. Then, iterate until = = (’)(N‘%JF%)_ M
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

Evaluation by Friedrichs Diagrams

» Evaluating (n,) = <e agagqe S>Q =2 %<ad’§(a:’;{‘aq)>Q by
Friedrichs diagrams: wrlte S =54+ 5_ and draw:

ayag St S_
q q p h p a ’ 14
—O— —O (@ = h “ P
h P 4 of @ B

» [Brooks, L. 2023]: For 2 operators A, B, the commutator
[A, B] amounts to sum over all contractions of > 1 legs, e.g.,

. (O @ = (Oro—
5 aal = of =+ lgf=* lo="* (&

> adg(ajag) is built of n vertices S..

» (- )q eliminates all diagrams with external legs.
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

» The contributing diagrams are, e.g.,

6 loops

a3 Qg
Qa2 a3
(a7} aq

1| Qa2

=/ 4

(e%1 I
Qg Qg

» Consist of “loops”, in which the o; are set equal.
1
» Each surviving Zaj contributes a factor of M ~ N3. Biggest
diagrams are the "bosonized” ones with all loops of length 2.
» Bosonized diagrams of all even n sum up to

_2 1 1
N731(q) = 52 - (cosh(2K(k:)) — 1)%7%
k ag,k
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Vlean-Field R
Dilute Regime
Elements of the Proofs Open Research Questions

dilute regime (p « 1)
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

Elements of the Proofs, Dilute Regime
> Trial states from [GHNS24]: Wy = RT1T5Q | with

e 5 - A
’Tj =e "7, Sj = 2 Kj(k)h,,h’ —h.c.,
k,h,h!
where k, h, h' are momenta and = aj Ay,
x(|p
1'\ l |L T, acts he‘rei v T acts here
3 X< EX X> Il
0 kr 4p%’é

» Coarse trafo: (k) := ¢(p)x=(|p|) with x~: IR cut-off
and ¢: Fourier trafo of scattering solution

> Fine trafo: Koy (k) = LS&%% with y—: UV

cut-off, a: scattering length, ¢ > 0, and
AE(K, h,h') := (| + k|* = [n]* + [0 — K[> = [P']?)
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

» Now, diagrams get smaller as n increases. It thus suffices to
go to n = 2 by applying 2 x Duhamel on each T7,T5:

(ng).1)e, J dAi (1= M) IS, [S1: ) 111D J dXa {[S2, [S1, n0) 411D,

" f dha(l = A2) {[S2, [S2. 11D,
where &y :=T5,0\T1Q2 and ¢y := T1;,Q2 with Tj.\ := eSi
> For each [S;, [Sk, n(g),1]] select > 1 out of 4 lines to contract

= 15 diagrams

fully contracted
— Ry = §€

T) “hides” in the fully contracted S5-S5-diagram. All other
lagrams are errofrs.

(e
"(g),
44 dia
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

» Fully contracted Sg—Sg—diagram without cutoffs, is

(Be) _ a” 9(h + k) +3(=h)
niB) Jdkfdhf W S E T

» Bound 44 error diagrams as in [GHNS24] and [LS24].

» Additional complication: With §(p) = 6(p — ¢q) (no smearing),
<n(9)7T> would be ~ L3, while errors are ~ 1.
— Smearing solves this issue.

» Cutoff removal requires:

Lemma ([BGLL, in prep.], improved Belyakov integral control)

Ind> 2fora//se(2,3+d+1) Cs > 0 s.t. Yz € (0,1],
1

dk‘f th dh/ ————— < Cyz™° .
J]Rd hl<l<|htk| I |<e<ipi—k ~ AE(k h D)

(Previously, only s € (%,3) was known. We need s = 3.)
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

Open Research Questions

v

Finding n, for other 1) and more singular potentials V' in MF
regime: work with N. Benedikter and D. Naidu (U Milan)

v

Finding n, for the true ground state

v

Justifying next terms in the formulas for n, or Egg for the
MF or dilute regime

v

Finding n, or Egg in the thermodynamic limit or
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Mean-Field Regime
Dilute Regime

Elements of the Proofs Open Research Questions

Thank you for your attention!
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